Some properties of finite groups with some (semi-p-)cover-avoiding subgroups  by Wang, Lili & Chen, Guiyun
Journal of Pure and Applied Algebra 213 (2009) 686–689
Contents lists available at ScienceDirect
Journal of Pure and Applied Algebra
journal homepage: www.elsevier.com/locate/jpaa
Some properties of finite groups with some (semi-p-)cover-avoiding
subgroupsI
Lili Wang, Guiyun Chen ∗
School of Mathematics and Statistics, Southwest University, Chongqing 400715, PR China
a r t i c l e i n f o
Article history:
Received 22 November 2007
Received in revised form 27 June 2008
Available online 21 October 2008




a b s t r a c t
In recent years, in trying to generalize the normality of subgroups, (semi-)(p-)cover-
avoiding subgroups were defined. Some valuable results on the structure of a finite group
were set up, provided that its subgroups have the cover-avoiding property, semi-cover-
avoiding property or semi-p-cover-avoiding property. Since whether a subgroup covers or
avoids in a group is connected to the chief series of the group, the results look interesting.
Here the authors discuss the connection between the structure of a finite group and
its (semi-)(p-)cover-avoiding maximal or minimal subgroups, and obtain some sufficient
conditions for a group being p-nilpotent or supersolvable.
© 2008 Elsevier B.V. All rights reserved.
1. Introduction
It is well known that the normality of subgroups of a finite group greatly reflects the structure of the group, for example,
[2,8,10]. Various generalizations of normality have been given, and many parallel results obtained on such topics. For
example, c-normality, quasi-normality, etc, were defined and used to impose restrictions on various kinds of subgroups
of a finite group, so that some good properties of the group can be found.
In 1962, a cover-avoiding subgroup was introduced in [14] and afterwards there was a lot of research concerning this
subgroup, for example, [4,6,9]. For cover-avoiding propertieswe alsomake some studies and generalize some results; for ex-
ample, Humphreys [12] proved that a QCLT -group of odd order is supersolvable, andwewill prove that an even QCLT -group
is also supersolvable if themaximal subgroups of its Sylow 2-subgroup are all cover-avoiding subgroups. Recently, the semi-
(p-)cover-avoiding property was defined in [3] and it was proved that this property is a direct generalization of normality.
Fan, Guo and Shum [3] had set up some meaningful results under the assumption of maximal subgroups having the semi-
(p-)cover-avoiding property. In [8], we also studied the semi-(p-) cover-avoiding property and got somemeaningful results.
Herewe consider another direction, investigating groupswhoseminimal subgroups have semi-p-cover-avoiding properties,
especially the p-nilpotency of a finite group.
Throughout this paper, all groups are finite groups. The terminology and notation employed agree with standard usage,
as in Robinson [15]. In particular, we use ‘‘M l G’’ to denote thatM is a maximal subgroup of G; ‘‘Q char G’’ means that Q is
a characteristic subgroup of G.
2. Basic definitions and preliminaries
In this section, we first state some known results from the literature which will be used in the sequel.
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For convenience, a group is said to be p-singular if p divides the order of the group; otherwise the group is said to be
p-regular, where p is a prime. LetM and N be normal subgroups of a group Gwith N ≤ M . Then the quotient groupM/N is
called a normal factor of G. It is clear that every chief factor of a group is a normal factor of the group. A subgroup H of G is
said to coverM/N if HM = HN . And in the case of H ∩M = H ∩ N , H is said to avoidM/N .
Definition 2.1. Let H be a subgroup of a group G.
(1) H is said to be cover-avoiding in G if for every chief factorM/N of G, either H coversM/N or it avoidsM/N .
(2) H is said to be semi-p-cover-avoiding in G if there exists a chief series such that H either covers or avoids each of its
p-singular chief factors.
Lemma 2.2. Let H be a subgroup of a group G and N a normal subgroup of G. If H is cover-avoiding in G, then:
(1) HN is cover-avoiding in G;
(2) HN/N is cover-avoiding in G/N.
Proof. (1) This follows from [1, Lemma 1.4].
(2) Let (M/N)/(K/N) be a chief factor of G/N , then clearly M/K is a chief factor of G. By the hypotheses, we have that
HM = HK or H ∩M = H ∩ K . If HM = HK , then HM/N = HK/N and it follows that (HN/N) · (M/N) = (HN/N) · (K/N); if
H ∩ M = H ∩ K , then (H ∩ M)N/N = (H ∩ K)N/N and hence (HN/N) ∩ (M/N) = (HN/N) ∩ (K/N). Therefore HN/N is
cover-avoiding in G/N by the definition. 
Like in [3, Lemma 2], we have:
Lemma 2.3. Let G be a group and N a normal subgroup of G. If H is semi-p-cover-avoiding in G, then HN/N is semi-p-cover-
avoiding in G/N if one of the following holds:
(1) N ⊆ H;
(2) gcd(|H|, |N|) = 1, where gcd(−,−) denotes the greatest common divisor.
Lemma 2.4 ([5, Lemma 2.5]). Let H be a subgroup of a group G. If H is semi-p-cover-avoiding in G, then H is semi-p-cover-
avoiding in K for every subgroup K of G with H ≤ K.
Lemma 2.5 ([7, IV, 5.2]). Let G be a minimal non-nilpotent group, then the following hold:
(1) there exist two distinct primes p and q such that G is a product of a normal Sylow p-subgroup and a cyclic non-normal Sylow
q-subgroup;
(2) P/Φ(P) is a minimal normal subgroup of G/Φ(P);
(3) if P is non-abelian and p 6= 2, then exp(P) = p;
(4) if P is non-abelian and p = 2, then exp(P) = 4;
(5) if P is abelian, then exp(P) = p.
Lemma 2.6. Let G be a group and p a prime divisor of |G| such that (|G|, p2 − 1) = 1, if p3 - |G|, then G is p-nilpotent.
Proof. Assume P is a Sylow p-subgroup of G, then |P| ≤ p2 and P is abelian since p3 - |G|.
Since
|Aut(P)| | p(p− 1)2(p+ 1)
and (|G|, p2 − 1) = 1, we have that |NG(P)/CG(P)| | p. But p - |NG(P)/CG(P)| since P is abelian. Then this forces that
|NG(P)/CG(P)| = 1 and thus NG(P) = CG(P). Hence G is p-nilpotent by the Burnside Theorem. 
Lemma 2.7. Let G be a group, p a prime divisor of |G| such that (|G|, p2 − 1) = 1. If there is a normal subgroup N of G such
that G/N is p-nilpotent and p3 - |N|, then G is p-nilpotent.
Proof. Let M/N be a normal p-complement of G/N . Since p3 - |N|, it follows that p3 - |M|, hence M is p-nilpotent by
Lemma 2.6. Let K be a normal p-complement ofM , then K E G, and G = PK , where P is a Sylow p-subgroup of G. Then G is
p-nilpotent. 
Let Σ be a group property, such as being abelian, nilpotent, solvable, supersolvable and so on. A finite group G is called
an outer-Σ group if G is not aΣ-group but every proper quotient group of G is aΣ-group.
Lemma 2.8 ([11, VII, 7.1]). Let G be an solvable outer-supersolvable group, then G = MN, where M l G, M ∩ N = 1, N is an
elementary abelian p-group and N is also the unique minimal normal subgroup of G with order pα , α > 1, the Sylow p-subgroup
of M is abelian; M is cyclic and N ∈ Sylp(G) when G′ is nilpotent.
3. Main results
For convenience, let µp = 1 + 1+(−1)p2 , where p is a prime. Clearly, µ2 = 2; µp = 1, if p > 2. The following theorem
indicates that the minimal subgroups with the semi-p-cover-avoiding property (except the prime 2) can characterize the
p-nilpotency of finite group.
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Theorem 3.1. Let G be a group and p a prime divisor of the order of G such that (|G|, p2 − 1) = 1. N is a normal subgroup of G
such that G/N is p-nilpotent, if every cyclic subgroup of N with order ≤ pµp is semi-p-cover-avoiding in G, then G is p-nilpotent.
Proof. Assume the theorem is not true and let G be a minimal counterexample.
If |N|p ≤ p2, then G is p-nilpotent by Lemma 2.7, a contradiction. Next we assume that |N|p > p2.
Let L be a proper subgroup of G, then L/L ∩ N is p-nilpotent since L/L ∩ N ∼= LN/N ≤ G/N and G/N is p-nilpotent. If
|L ∩ N|p ≤ p2, then L is p-nilpotent by Lemma 2.6. If |L ∩ N|p > p2, then every cyclic subgroup of L ∩ N with order ≤ pµp
is semi-p-cover-avoiding in G and hence every cyclic subgroup of L ∩ N with order ≤ pµp is semi-p-cover-avoiding in L by
Lemma 2.4. It follows that L satisfies the assumptions of the theorem and then L is p-nilpotent. Consequently G is a minimal
non-p-nilpotent group, meanwhile being a minimal non-nilpotent group. Now G = SQ by Lemma 2.5, where S is a normal
Sylow subgroup of G and Q is a non-normal cyclic Sylow subgroup of G. If Q ∈ Sylp(G), then there is a normal p-complement
S of Q and hence G is p-nilpotent, a contradiction. Then we must have S = P ∈ Sylp(G), exp(P) ≤ pµp , P/Φ(P) is a minimal
normal subgroup of G/Φ(P).
We claim that P ≤ N . Otherwise, since G/N is p-nilpotent, we have a normal p-complement QN/N of PN/N such that
G/N = PN/N · QN/N . Clearly QN < G for P 6≤ N , then QN is nilpotent since G is minimal non-nilpotent. Now we have that
Q char QN E G and thus Q E G, a contradiction. Hence P ≤ N and P ∈ Sylp(N).
Let x ∈ P \ Φ(P), then ◦(x) ≤ pµp since exp(P) ≤ pµp . By the hypotheses, there is a chief series of G
1 = G0 < G1 < · · · < Gl = G
such that 〈x〉 covers or avoids every p-chief factor of the chief series. Clearly there exists an integer k such that x ∈ Gk+1 \Gk,
then
〈x〉Gk = 〈x〉Gk+1 = Gk+1,
since
〈x〉 ∩ Gk 6= 〈x〉 ∩ Gk+1.
Due to the above, Gk+1/Gk is cyclic with order ≤ pµp . Since P ∩ Gk E G and P/Φ(P) is a minimal normal subgroup
of G/Φ(P), we have that (P ∩ Gk)Φ(P)/Φ(P) ∩ P/Φ(P) = 1 or P/Φ(P). Then P ∩ Gk 5 Φ(P) or (P ∩ Gk)Φ(P) = P .
If (P ∩ Gk)Φ(P) = P , then P ∩ Gk = P , which contradicts x ∈ P \ P ∩ Gk. Thus P ∩ Gk ≤ Φ(P). Then it follows from
x ∈ (P ∩ Gk+1) \Φ(P) that (P ∩ Gk+1)Φ(P)/Φ(P) 6= 1. By (P ∩ Gk+1)Φ(P)/Φ(P) ≤ P/Φ(P) and the minimality of P/Φ(P),
we have (P ∩ Gk+1)Φ(P) = P , that is P ∩ Gk+1 = P . Therefore |Gk+1/Gk| ≤ pµp implies that |P/Φ(P)| ≤ pµp and P/Φ(P) is
cyclic. Hence P = 〈x〉. By Lemma 2.6, G is p-nilpotent, the final contradiction. 
Corollary 3.2. Let G be a group and p a prime divisor of the order of G such that (|G|, p2 − 1) = 1. If every cyclic subgroup of
order ≤ pµp of G is semi-p-cover-avoiding in G, then G is p-nilpotent.
Proof. It follows by taking N = G in Theorem 3.1. 
Remark 3.3. The condition ‘‘(|G|, p2 − 1) = 1’’ in Theorem 3.1 and Corollary 3.2 cannot be removed. For example, let G be
the Frobenius group of order 21, and take p = 7; then (|G|, p2 − 1) = (|G|, 48) 6= 1, but G is not p-nilpotent.
As in [15], we letU denote the formation of finite supersolvable groups; describing a group as an ‘‘A-group’’ means that
all of its Sylow subgroups are abelian.
Theorem 3.4. Let F be a saturated formation containingU, H a normal A-subgroup of a group G andG/H ∈ F . If everymaximal
subgroup of each Sylow subgroup P of H is cover-avoiding in NG(P), then G ∈ F .
Proof. Assume the theorem is false and let G be the counterexample with the smallest order. Now we prove the theorem
in two cases:
Case 1. H is a p-group, where p is a prime.
By the hypotheses, every maximal subgroup of H is cover-avoiding in NG(H) = G. For any 1 6= K E G, if H ≤ K , then
G/K ∼= (G/H)/(K/H) ∈ F . If H 6≤ K , let M/K be any maximal subgroup of HK/K , then M = M ∩ HK = (M ∩ H)K and
|H : H ∩M| = |HM : M| = |HM/K : M/K | = |HK/K : M/K | = p. It follows that H ∩M l H , thenM/K = (M ∩ H)K/K is
cover-avoiding in NG(H)K/K = G/K = NG/K (HK/K) by Lemma 2.2. Since (G/K)/(HK/K) ∼= G/HK ∼= (G/H)/(HK/H) ∈ F ,
G/K satisfies the hypotheses of the theorem. Then by theminimality of G, G/K ∈ F . Hence, every non-trivial quotient group
of G is in F .
Consider the F -residual GF of G, then GF ≤ H . Since F is a saturated formation, Φ(G) = 1 and GF is the unique
minimal normal subgroup. Then H and GF are elementary abelian groups. Let LlG be such that GF 6≤ L, then G = GF L and
GF ∩ L = 1. Then G = HL since GF ≤ H . If H ∩ L 6= 1, then GF ≤ H ∩ L by H ∩ L E G, this is a contradiction. Therefore
H ∩ L = 1 and H = GF .
We claim that H is cyclic with order p. Otherwise, assume that |H| = pα , α > 1. Let H1 l H , then H1 is cover-avoiding
in NG(H) = G, that is H1H = H1 or H1 ∩ H = 1. If H1H = H1, then H ≤ H1 l H = GF , a contradiction. If H1 ∩ H = 1, then
H1 ∩ H = H1 = 1 and thus |H| = p.
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IfH < CG(H), then CG(H) = CG(H)∩G = CG(H)∩HL = H(CG(H)∩L), and 1 < CG(H)∩L E HL = G. HenceH ≤ CG(H)∩L
by the minimality of H = N , so H ≤ L, this contradicts H ∩ L = 1. This forces CG(H) = H , then L ∼= G/H = G/CG(H) is cyclic
with the order dividing p− 1 since |H| = p. It follows that G/H is supersolvable and hence G ∈ U ⊆ F , a contradiction.
Case 2. H is not a p-group, where p is a prime.
Let s be the smallest prime dividing |H|, we assert that H is s-nilpotent. In fact, let S ∈ Syls(H), then H is s-nilpotent
if S is cyclic. Now we assume S is not cyclic. Obviously, SQ ≤ H for every Q ∈ Sylq(NH(S)), where q 6= s. Since
SQ ≤ NH(S) ≤ NG(S), every maximal subgroup of the Sylow s-subgroup S of SQ is cover-avoiding in SQ by Lemma 2.4.
Hence SQ is s-nilpotent by [5, Theorem 3.12], then SQ = S × Q . It follows that NH(S) = CH(S) since S is abelian, so H is
s-nilpotent.
Let T be a normal p-complement of H , then T has a Sylow tower by induction on |H|. It follows that H has a Sylow tower
and we assume that P is the normal Sylow p-subgroup of H . Let Q0P/P be a maximal subgroup of the Sylow q-subgroup
Q¯ P/P of H/P , here Q0 is a maximal subgroup of the Sylow q-subgroup Q¯ of H . Then Q0 is cover-avoiding in NG(Q¯ ) and
hence Q0P/P is cover-avoiding in NG(Q¯ )P/P = NG/P(Q¯ P/P). By (G/P)/(H/P) ∼= G/H ∈ F , we have that G/P satisfies the
assumption with respect to H/P . Then G/P ∈ F by the minimality of G. It follows from Case 1 that G ∈ F , we come to the
final contradiction. 
Corollary 3.5. Let F be a saturated formation containing U, and G an A-subgroup. If every maximal subgroup of each Sylow
subgroup P of G is cover-avoiding in NG(P), then G ∈ F .
Now we recall the following definitions. Let G be a finite group, for every m | |G|, if G has a subgroup of order m, then G
is called a CLT -group. Furthermore, G is called a QCLT -group if every homomorphism image of G is a CLT -group.
Theorem 3.6. Let G be a QCLT-group. If every maximal subgroup of a Sylow 2-subgroup of G is cover-avoiding in G, then G is
supersolvable.
Proof. If 2 - |G|, then |G| is odd. Since G is a QCLT -group, G is supersolvable by [12]. Now we assume that 2 | |G|.
Of course G is solvable since a CLT -group is always solvable. For any 1 6= H E G, if 2 - |G/H|, then G/H is a QCLT -group of
odd order and hence G/H is supersolvable; if 2 | |G/H|, without loss of generality, we assume that every maximal subgroup
of a Sylow 2-subgroup of G/H is of the form of P1H/H , where P1 is a maximal subgroup of the Sylow 2-subgroup of G. Then
P1 is cover-avoiding in G by the hypotheses of the theorem, so P1H/H is cover-avoiding in G/H by Lemma 2.2. Hence the
quotient group G/H satisfies the assumption of the theorem.
From the above arguments, we can assume that the theorem is not true and let G be a minimal counterexample, then G
is a solvable outer-supersolvable group. Then by Lemma 2.8, G = MN , where M l G, M ∩ N = 1, N is elementary abelian
p-group and N is also the unique minimal normal subgroup of G with order pα , α > 1, the Sylow p-subgroup of M is an
abelian p-group. Since G is a QCLT -group, G′ is 2-closed by [13, Corollary 6], and every Sylow 2-subgroup Q of G′ satisfies
Q char G′ E G, hence Q E G. If Q = 1, let G2 ∈ Syl2(G) and then G′2 ≤ G′. Hence G′2 = 1 and G2 = G2/G′2 is abelian. It follows
that G is S4-free, then G is supersolvable by [13, Theorem 4], a contradiction. Therefore Q 6= 1 and we have N ≤ Q by the
uniqueness of N , and hence p = 2.
Let P0 be a Sylow 2-subgroup of M , then P0N is a Sylow 2-subgroup of G. Assume P1 is a maximal subgroup of P0N
containing P0, then P0 < P1 since |N| = 2α , where α > 1. Hence P1 is cover-avoiding in G by the assumption, then P1N = P1
or P1 ∩ N = 1. If P1N = P1, then N ≤ P1 and further P0N = P1 l P0N , a contradiction; if P1 ∩ N = 1, then P0 = P1 > P , also
a contradiction. Hence the minimal counterexample does not exist. Then G is supersolvable. 
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